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Mathematical Formulae

I. ALGEBRA

Quadratic Equation
For the equation ax’+bx+c= 0,

b+ b ~dac

Binomial expansion
(a+b) =a" 4-[ n ]u” I/H*[ f)' }u" Ty 1[ " ]u” hrL b
| 2 "

n J:_ ! n(n1)..(n rl)

T |
’!

ri(n=-r)!

where 7 is a positive integer and [
5

2. TRIGONOMETRY

Identities
sin’ 14 cost A =1
sec’ A= 14 tan'
cosec? =1 cot?

sin(A+ B)=sin A cos B cos A sin B
cos(/f + B) = cos Acos BF sin Asin B

i L i
sin24=2sinA cos A

0824 = cos’ A-sin® A= 2c08 - 11 2sin’ [

2tan A

lan2d = ———
- tan”

Formulae for AABC
a h S

sind  sinB sinC
@’ =h"+c=2bccosA

A=—absinC’

o] —
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Answer all the questions
I The cquation of a curve is y = 2x° —6x +k , where k is a constant.
(i) Inthe case when & = =20, find the set of values of x for which y <0.

(i) Inthe case when & =10, show that the line y +2x =8 is a tangent to the curve.

2 () Giventhat uw=2", express 4' —=2'" =3 as an equation in u.
(ii) Hencee find the value of x, correet to 2 decimal places.

(iii) Explain why the equation 4* —2""" = k has no solution if & < 1.

3 The equation 3x7 = x+5 =0 has roots « and f3.

() Find the valuc of a” + f°.

- . ; S _— 1 1
(ii)  Find a quadratic cquation with integer cocfficient whose roots are — and — .
e

B

| - sin xcos x + 2cos” x

4 (i) Express as a quadratic expression in cot x.

sin” x

(i) Hence, using (i) solve the equation |+ 2cos™ x = sin x(3sin x + cos x)
for 0" < x < 360",
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5 A freshly baked bread, with an initial temperature of 75°C | is left (o cool on the rack.
The temperature, 7°C of the bread, + minutes after it has been placed on the rack is
givenby 7' =27 +ke

-t

, where & and n are positive constants.
(i) Calculate the value of k.
(i) If the bread has cooled down by 20°C after 10 minutes, find the value of n.

(iii) Find the least time taken, to the nearest minute, for the bread (o have a
temperature of less than30°C .

(iv) Explain with the sketch for 7' = 27 +ke ", why the temperature of the bread can
never reach 27°C.

B C

43-2\2

30°
A D

The diagram shows a trapezium ABCD in which side 4B = 443 - 242 cm and
angle BAD =30". Given that the length of AD is twice the length of BC and that
area of the trapezium is 25+ 5J6 cmz, find without the usc of a calculator, the

length of AD in the form av/2 +b+/3.

7 The diagram shows part of a straight line, passing through (2,7)and (8,13), drawn to
represent the equation 3y = 4x* + ax, where a and 1 arc constants. Find the valuc of «
and 1.

RCAE)

@0
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8 (a) Given that the first 3 terms in the expansion of (@ — x)(1 + 3x)" in ascending
powers of x is

2429x+ b+

Find the values of the constants «, b and n. [5]
(b) (i) Write down the general term in the binomial expansion of
) |
B gl 0
(ii) Write down the power of x in this general term. (1]
(i) Hence, or otherwise, determine the coefficient of x™'* in the binomial
expansion of (x° + 2;I\" jv 2]

:»X ;' J The normal to the curve at the point (a, b) is
-2x

parallel to the line 13y 4+ 5x =26 = 0. Given that where a > 1, find the values of @ and b. [5]

9 A curve has cquation y = In[

10 The diagram shows part of the graph of y = [2x+4]+1.

v
4
v=[2x+4]+1
Q
P
0 > x
(i)  Find the coordinates of 2 and of Q. 31

A line ol gradient m passes through the point (0,3).

(ii) In the case where m = ~1, lind the x-coordinates of the points of intersection
between the line and the graph ol y = [2x + 4+ 1. (3]

@iii)  Determine the set of values of m for which the line intersects the graph of
V= [2x -+ 4|+ 1 attwo points. [2]
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11 A particle starts from rest and moves in a straight line, so that ¢ seconds after leaving 0,
1

its velocity, v m/s is given by v=28-2¢ " .
(i) Calculate the initial acceleration of the particle. (2]
(ii) Calculate, to 2 decimal places, the displacement of the particle from O when

t=10. (4]
(iii) Determine, with explanation, whether the particle will return to 0. n

12 In the diagram below, the line AL is tangent to the circle at A. The line £18 is the angle
bisector of angle ABC and cuts the circle at D. The chord AC is the angle biscctor of’
angle BAD and cuts the circle at C. The chords BC and AD are produced to meet at /.
The line segments AD and /D are cqual.
B /\ ¢ P
D
A [
(i)  Prove that angle DAC = angle DAE. (3]
(ii))  Prove that triangles ADE and BAE arc similar. [2)
(iii) Prove that C is a mid-point of BF. (2]
(iv) Hence, using (ii) and (iii), show that A/ x AL = 4CD x DJ: . 2
6
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(i)

Answers
When k =-20

1 5
+f==, aff==
a+f 3 / 3

y=2x" -6x-20
2x° - 6x-20<0

(x=5)x+2) <0
~2<x<$

o+ fi=latf) 2ap

1)

(ii)

When £ =10

29

9

y= 207 =6x+10

o' +f' =(a+ pYa’ -ap+f’)

p=-2x+8
287 —6x+10=-2x+8

)

207 - 4x+2=0

X -2041=0

b - 4ac
4-4(1)(1)

0 (shown) —
‘T'he line is tangent to curve

(iii)

(i)

() -27x2=3

(ii)

u - u-3=0

(u + 1w —-3)¥ 0

u=3 or u=-|

2' =3 or 2" =-I(NA)

. g3
g2

e
X" X =0

125" 125

125x° +44x+27=0

x=1.58

(iii)

ut-2u -k =0
For no solution, b* —4ac <0

(M

1 coS X F2cosz):

sinx sinx  sin’x

2 3
cosec”x—cotx+2col” x

(-2)° -4(I)-k)<0

(cot1 X+ l)— cotx+2cot” x

4+4k <0

l+k <0

3cot’ x—cotx +1

‘The equation has no solution il k < -1

(ii)

3 b -
1+2cos” x=3sin" x+sin xcos x

3 » -
1+2cos” x—sin xcos x = 3sin” x

et

1 -sin xcos x +2cos” x -3

sin” x

3cot’ x—cotx+1=3

3cot’ x—cotx—2=0

(3cot x+2)cot x—1)=0




b

coty =~ or cotx=1

N W W N

tanx = - or lanx=|

x= 180" - 56.37,360" - 56.3°.45° 225"

Llet AD=2x=> BC=x

h
§in30° =" = p=2J3-2
43-22

(e

x=45", I23.7".225:’ ,303.7°(1 dp)

%(x+2x)(zﬁ -v2)=25+5V6

when 1 =0, T=175

75=27+k

3x _25+5J6  2/3+42

2 _2-2 23+242

JAh=48

when =10, 7' = 55
55274 48¢ "

oo 2, 50342502 + 1018 +5V12
"3 12-2

28 = 480 "
i o, VO

=
12

AOn = In 7
12

n = 0.0539(3sl)

27 +48¢ "M < 30

48(' LLXIAAVT < 3 - T
0083 |
¢ <
] 16
-0.0539 < In !
I(, - — e — e e
|
In
16
-0.0539
| [r>51.439
__| Leasttime taken = 52 minutes
L [lv), _
'Iir
75
\\.
9 sswen s Samaw
— SNSRI, |

‘The temperature of the bread can never reach
27°C

5= 2504342572 43042 +10V3)
' 30

- (6043 +55/2)
15

AD = %3J§'+8J3

y=ax'+9dy
3

4 ; a
Xt X =

s
- X 3

y-x

3
2 S il
x 3 3

r-x_13~¢ X +C —(2)
X 6

13-r_4
6 3

r=5

Sub (8,13)into (2)

13—

13=-—-(8)+C
o (8)+

Subr=5

|3=%—-5~(8)+C

—t




ol

(a~ x{l“ -«»['l'](l)(3x)+(;J(l)(sx)’ +]

13 3 2
- P, [N
5 3x-1 5-2x

By comparing like lerms

13 _3(5-2x)+203x-1)
5 1Tx-5-6x"

=2

5 17x-5-6x°"

- x+3anx=29x

~l+6n=29

17x-5-6x" =5

6n =30

6x” —17x+10=0

n=95

(6x-5)x-2)=0

“( ll('72"" ”J( 1(9x7) ~ (,II]“ )3x%)

x=§ or x=2
6

since x = a e

Suba=2.n=5

2( 5(24’ J(nwx! )- (?)(I)(}.\')

a=»~5— or a=2
6

since a > |,

ik i3

a=2 R —— o T T
b:ln%:l.bl

00 |AP=(x1)
y=2x+4+1

1=[2x+4]+1

B h =165
XD | (10 LY
200
(" ](A : (Zx“)
(ii)' IR —
(i) | 20-5r=-15 R

[2x+4=0

2x+4=0

x==2

P=(=2,1)

ALQ=(0,)

y=|4|+l

y=5

2=(0,5)

(i)

Rxtd+l=-x+3

[2x+4=-x+2

P ) ]
0y,
o
-
10
27
e
s
B L te
9 v=In(3x—1)=In(5-2x) .
dy 3 2
- s v i 5o
de 3x-15-2x .
p= - 5 X+2
SNEN

2x+4=-x+2 or 2x+4=x-2

z . 5
Gradient of normal = — -

13

. : 13
Gradicnt of tangent - S

(iii)




Tl

T&T"

i
2 i
a = ¢
3

4D_DE

When 1 =0, a= %
) 3

AB ~ AE

1

24" _oE
2D~ AE

AF x AE = 4CDx DE (shown)

3 '
s=[28-2¢ '
s=28046¢ ' +c - i
y=00=0
c=-6 e
L I s=286c Y -6

=10

0

8= 280+6¢ ' ~06

—/>I)H( = a (angles in the same segment)

Let ZDAC = a

| ZDBA = a (BD is angle bisector of ZABC) _

ZDAE = ZDBA = a (tangent chord theorem)

W ADAC = LDAE (proven)

| 2DiA = 2BEA (common angle)

| AADLE and ABAE are similar (AA property)
| £DCA = ZDBA = a (angles in the same ségmehi) T

| LEDCALCAB are alternate angles . (D // BA

£DAI = ZABE = a(tangent chord theorem)

ZDCA = LCAB = a

(/I BA & Dis the midpoint of AF

.. ('is a midpoint of BF (By midpoint theorem)

AADL and ABAL are similar

Al; AD  DE

BE AR AL

| ADXCE = BCx DE

AGCD and AGBA are similar
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Quadratic Equation
For the equation ax* +bx+c= 0,

2a

Binomial expansion
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(a+b) =d"+ S P B P A I UL L S
| 2 "

where n is a positive integerand | " ]: Al = a8 L
r) ri(n-r) rl

2. TRIGONOMETRY
Identities
sin® A +cos” A =1
se¢’ A=1+1an" 4
cosce” A =1+cot” 1
sin(A £ B)=sind cosB-LcosAsin3
cos(A% B) = cos Acos BF sin Asin B

tan A+ tan /3

tan(4 £ B)= - -
( ) | F tan Atan B8

sin2/ = 2sin A cos

cos24 =cos” A-sin® A=2cos A-1=1--2sin’ /
tan2A = 2 lan‘A
I—tan” A
Formulae for AABC
u h ¢

sind_ sinB  sinC

% 31 B
@ =b+¢ =2becosA

A :-lu/; sin(’
2
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Answer all the questions 4 The cubic polynomial f(x) is such that the coefficient of x* is 4 and the constant term is
-3. When x + 1 is a factor of f(x), the quadratic factor is px” +qx 4 . It is given that
f(x) leaves a remainder of -20 when divided by x—1.

I (@) Given that IgBy+2)—4x* =2, express y in terms of x. (3]
(i) Find the values of p, g and r. [3]
() Solve the equation 2log, (8- 2x) - log, (x -2) =3~ log, (1 + x) (5]
(ii) Solve f(x) =0. (2]
2 The diagram shows a water wheel which rotates at 3 revolutions per minute in an (iii) Hence solve the equation f(-x) = 0. [1]
anticlockwise direction. At the start of the revolution, a point 2 on the rim of the wheel
is at the height of' 3 m above the surface of the water. The radius of the water wheel is 4
m. e .
5 Itis given that -v—--—T—— At =ax+b+ ,‘ -
x -4 xT -4
Rotate (i) Find the values of a, b and c. 3
o (31

(ii) Hence, using partial fractions and the values of @, b and ¢ obtained in part (i),

find j C e ."_. —Ax+ ,Id
-4

6
Im [6]
Water Surface
6 (a) Thecurves y= n(“\/x)and y= Zka( ] meets at the point (1,5) where ¢ and & arc
X"
) ) . constants.
The height, i m, of point ” above the water surlace is given as h = asin(; f)+c,
where 7 is the time in scconds. () Find the valuc of a and of k. (2]
(i)  State the values ofa,band ¢. (3] (i) On the same axes, sketch the two curves, for x > 0. 2]
i 1 xT 0 e | D (irst emerege | o P . . d
(ii) Find the time, ¢, where point P first emerge from the water. (3] (b) Given that y = (2x + tan x)z and that d: — ‘/3 whisi v = :. find the value
of a and of b. ) [4]
d = o .
3 G)  Show that ¢ [¢7(2x+1)]=e (dx+4).
dx [2]
- ; Y 2 g
(ii))  Hencee, or otherwise, evaluate IUZ_W dx. (4]
3 4
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A curve has the equation y = f(x), where F(x) = —3(3\—.:1)' for x > 0.

Sx+3
() Find an cxpression for £(x). 2]
(i)  Explain why the curve has no stationary points. (1]

(iii) Show with full workings, determine whether the gradient function of the curve is
an increasing or decreasing function for x > 0. [2]

The points (1, 10) and (7, 10) are on the circumference of a circle whose centre, C, lies
above the x-axis. The line y =1 is tangent to the circle.
(i) Find the coordinates of C. (3]

(ii)  Find the cquation of the circle in the form x* + y* + px+qy+r =0, where p, ¢
and 7 are integers. (2]

(iii)  Find the cquations of the tangents to the circle parallel to the y-axis. (2]

The above diagram shows a trough of 3m long and | m deep with ABCD horizontal. Its
cross section is an isosceles triangle of base 2m with its vertex downwards. The empty
trough is filled with water at the rate of 0.03 mYs.

(i) Irthe dc[)lh ol the water at time £ seconds is & m, show that the volume of water

is 30w, [
(i) Hencee, find the rate at which the water level is rising after the water has
been running for 25s. [4]
5
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The diagram shows part of the curve and two parallcl lines OR and PQ).
The line OR intersects the curve at the point R(2,2) and the line Q) is a tangent to the
curve at the point Q.

(i) Find the coordinates of P and of (). (4]

(ii) Find the arca of the shaded region OPQR. [6]

11 The diagram shows a rhombus ABCD where A (10,7) and (' (2, 1). B is a point on the

y-axis and is equidistant from A4 and C.

y
I

A(10,7)

2 S D "
(i) Find the coordinates of B and D. 4]
(ii) Find the area of ABCD. 2]

(iii) If point P lies on AC extended such that PC' : PA = 1: 5. Find the coordinates of
P, ]

Preliminary Examination 2017 Sec 4 (Express)
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12 In the diagram, two circles C; and C, whose centres are A and B respectively, touch

cach other at /. The radii of C, and C, are 4 units and | unit respectively. C, touches 13 The diagram below shows an open container. It consists ol a hemisphere of radius
X : ~ s . ; o cm, and a cylinder of radius r cm and height 4 cm. The hemispherc is fixed to the end
the y-axis at 1 and €, touches the x-axis at £, The line 4B joining the centres of

of the cylinder and the volume of the container is 800 cm”.
C, and C, meets the x-axis at /7 and £ BIFO = 0",

hcm
D
> \
)
( () Show that h ="
(2]
(i) Express OO and OF in terms of 0. 2]
The container is made of some thin metal sheets. The cost of metal sheets for the
= . ” ; : cylindrical surface is $1.50 per cm? and the cost of metal sheets for hemispherical
(i)  Hence, or otherwise, show that DE2* = 40cos @ + 10sin @ + 42 . 31 surface is $3.20 per cm?
(i) Express OF7 in the form Reos (0 - a)+42 where R > 0 and a is acute. (3] . 2400
(ii) Let $C be the cost of making the container. Show that €' = 4.4 4 s 3]
r K
(i)  Find the maximum value of DE and the value of @at which the maximum value
oceurs. (3] (iii) Find the value of h and r such that the total cost of constructing the container is
minimum. [5])
7 8
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g3y +2)-4x =2

| g3y =48 2

1074 =3y+2

Iv=10"" -2

2(i) a=-4
b=10 B
c=3 o

(i) -

: e
h=-4sin(—-1)+3
d sm(m)

y= ;(lo"“‘-z)

h=0

(b)

LT
—4sin(—1)+3=0
(lO )

2log (8 2)- g (- )= 3 log, (1+)

2|- log , (8 - 2,\')

3 —Iug,(x—Z):log,Z" - log,(1+x)
log,2° ) ) N

5. i9F 3
safl)
sm(IO ) 4

T . a3
—=sin" -
10 4

Ingz(x 2.\')- Iog,(x o 2)= log, - 8
N “(1+x)

i%' = 0.84806, 7 — 0.84806

W
S T

, - 10(r ~0.8480)

7(

§-20_ 8
x=2  (I+x)

1 =17.30 (3sf)

B-2x)(1+x)=8(x-2)

B+8x—2x-2x" =8x-16

—2x7 =2x+424=0

A ax=12=0

(v = 3INx+4)=0

v=3 x=-4(NA)

LXx=3




+71

‘I' (" @x+1)

ax

T T aeY)

Gi) [

=2¢7 (2—+;11 +2)

2 ':.(4.\' + 4) (shown)

j4,\'('3' + 4(4:‘(/x=[¢':"(2x+l)]
0

2J:: o iy [e"‘" (2.\ + I)I, - I: 4e "d,\

ot e v

eran ) f;[i;i?- 1

e i) e -]

. ;[31'3 wPe® 14 2]

[P

=4.19

4(i) f(x):(x+l)(px1 +gx+r)
p=4 o
r=-3
S()=-20
Np+gq+r)=-20
(2)(4+g-3)=-20
@g+h=-20
qg=-11
)| fx)=(x+1)4x" = 11x-3) -
S(x)=0 R
T T |
ety
4
(i) | (~x+D(—4x+1)(-x-3)=0 R
x= I,—[,—3
4




g7l

56) L P S gy | 3
By long division, ~ -7 - et = = = —5e
x -4 x -4
a=1b=-lc=-3 ) o
(i) 3 A B
= N = + ”
X" -4 x+2 x-2
T = A -2 B(x+2)

let x=-2,A4=

3
4
Let ,\'=2,Ii=—<3

4

3 3
J'x--»l+ e — e Ty
4x+2) 4x-2)

= .'IZ X —ad i In(x+2)- 3 In(x=2)+c

6a)) | subx=1,y=5into y=a¥lx

a=>5

subx=1,y=5a=S5into y= 2{—',

X"

k=2 T T

6a(ii) I o 7
A

= W ——

. 2(2x + tan x)(2 +sec” x)
dx

When x = o
3

d_y = 2(2(5.]4. tan _7(_)(2+SGC: /r)
dx 3 3 3

Q:Z(%}’L{.ﬁ 2+_.I...

’ (2)

& (.431 243 j(s)

Y _grr123> a=8.b=12
dx




LT

[ (i)

(i¥)

)

_ H5x+3)-3(x-1X5)

I'(x 2
il (5x+3)°

9+ lj
(5x+3)°

¢ > Osince (Sx+3) > 0,65 0

I'(x) # (), the curve has no stationary points

1) - -48(5x13) '(5)

=240
(5x+3)°

For x>0, I"(x)< 0, the gradient function is a
decreasing function.

8(i)

N ( 119.19119}

2 2
=(,10) - B

Let the centre be 7(747', ); )

@-4F +(r-1) =@-1)+(y-10)°

Y —2y+1=9+ ' —20y+ 100 i -

18y =108

y=6

Centre (4,6) o
(ii) Radius = 5 units

(x-4) +(y-6) =25

x4y —8x—12y+27=0
@iv) | x=-1 o




0¢l

9(i) |

Let the base of the water be x

106) | y=10-32x"

X _h

2 1

x=2h

V= ;(21.).(11)-(3)

V = 3h* (shown)

i)

Y o0
dt

dv
dh

- 6h

x=4

| When x=4,y=8

0=(48)

P=(0,y)

When ¢ = 25

V =25%x0.03=0.75m’

8~y

3t =0.75

4=8-y

h=0.5

y =4

dh  dh « dv
dt dv - di

P=(04)

=) %009
6h

= - x0.03
6(0.5)

Area of trapezium = ; (4+8)4)=24

Area of triangle = -;-(2)(2) =2

dh =0.0lm/s
di

4 kl
Area of under curve = L 10-32x "dx

-1
-110 x_32’: ,

4

= 10x+ o

X




——

=48 —-36
g

11G)

Since D is equidistant from A and C.

.. DB is perpendicular bisector of AC.

Shaded area=24—-12-2

Midpoint of AC = L“Hz , 7,+_|)

2

=10

= (6,4)

Gradient of AC = -7
2-10

Gradientof BD = -

WiH|l B

Equation of BD, y-4=- :-(x -6)

4
=—-=x+12
=3

At the y-axis, x =0

y=12

- B(0,12)

Midpoint of DB = Midpoint of A = (6,4)

D (0,12), B(x,y)

(gfi i _l_z_flJ =(6.4)
2 2

~D(12,-4)




Tel

TG | I
Area ABCD =

217121 -47

10021210

OD =S5sin@ +1

| OE=5cos0+4

_._I
120-8+84

|
= (200
5 (200)

=100 units

-(24+12-40) |

(ii)

3 3

DE* = (5sin@ +1)’ +(Scos0+4)

=25sin> @+ 10sin @ + | + 25¢0s” 0 + 40 cos O 4 16

=40cos 6 + 10sin 0 + 25(sin” 0 + cos” @) + 17

=40cosf + 10sin & + 42 (shown)

TIGiii) | Let P (a, b)

’

S 5

(l()+4a 7+4b

]=(2.l)

(i)

40cos@ +10sin@ +42 = Rcos(6 —a) + 42

Rcosa =40

R

10444 _
“

2

Rsina =10

10+4a=10

T+4b=5

/r:‘—l
2

|
S P(0, -
( 2)

R* =40° +10°

R=+1700

10
tang = —
14

o

a=14

DE* = 1700 cos(@ ~ 14" ) + 42

Max DE* = /1700 + 42

Max DE =9.12

cos(6-14")=1

6=14




=

o h + i m' =800

3o h+ 2mr' = 2400

_2400-2m°"

h r
3o

(ii)

2400

C = 1.52mh)+3.220°)

T
= l.5(2m‘[24m 27 ---])+3‘2(2m")
3m-

-
gt

’

¢ 2 +6.4m°

¥

C=44m° + 200 (shown)
r

~=8.8m - 2400r ?

1€y gy 2400

8.8 = 2400
.

o 2400
8.87

r = 4.43(3sf)

Sub » =4.429 ,h =10.0

CC g g7+ 4800

)

dr-

)

Sub r =4.429, 21[_(‘ > () = mini cost
r-




