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Fairfield Methodist School
Additional Math
Sec 4E/5NA SA2 2017

Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax? +bx +¢ =0,

—-b++b? —4ac

2a

X =

Binomial expansion

(a+b) =a" +(?]a""b +[Z)a"”2b2 ot (n]a""b’ +..+b",
r

n n(n=-1)..(n-r+1)
r(n=r) r!

y ee . h
where # is a positive integer and [ ] =
,

2. TRIGONOMETRY
Identities
sin® A+cos’ A=1
sec’ A=1+tan’ 4
cosec?4=1+cot? 4
sin(A4 x B) = sin Acos B * cos Asin B
cos(A t B) = cos Acos B Fsin Asin B
tan A+ tan B
1+ tan Atan B
sin24 = 2sin Acos A

cos2A=cos’ A—sin> A=2cos* A-1=1-2sin2 4

tan(4+ B) =

tan24 = =204
l-tan” 4
Formulae for AABC
a b c

sin4d sinB sinC
a’>=b>+c¢*-2bccos A4

A =labsinC
2
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(i)  The diagram shows the graph of y = |f (x)| passing through (0, 6) and [2]
touching the x-axis at (=3, 0). Given that the graph y = f (x) is a straight line,
write down the two possible expressions for f (x).
(i)  State the range of values of m for which the line y = mx intersects the graph, [1]
y=|f (x)| at 2 distinct points.
2 Anisosceles triangle POR in which PQ = PR has an area of 46 cm?. Given that its
base OR is (&/3 —2«/5) cm, find in surd form,
(i) the height of the triangle, [2]
(i)  the perimeter of the triangle. [3]
3x’ +6x-8 . : :
3  Express x—z_x__ in partial fractions. [5]
x(x”+2)
4 () Given that p < 1, show that the roots of the equation x> — 2x +2 —p =0 are
not real. (3]
(ii)  Find the range of values of k for which the line, y + kx = 8 intersects the curve, 31
x* + 4y =20.
& : d
5 (i) Show that a[Zx (Inx-3)]=2Inx-4. [2]
(i) Hence, find Jls 2 In x dx, giving your answer in the form of 4 In 2 + £,
where s and k are constants. (4]
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Gi th _cos2x .
6 iven that y = pEr=nt Find
: dy
i —, 3
M 3]
(i) the equation of the normal at the point where the curve intersects the y-axis. [3]
7  (a) State the values between which the principal value of tan™! x must lie. [1]
(b) Given that tan 4=-p where 4 is a reflex angle, without the use of a
calculator, obtain an expression, in terms of p, for
(i) sinAd, [1]
(ii) secAd, [1]
(iii) cot(-4), [1]
(iv) tan (90— A)°. [1]
(©)
1 Y A ! |
I ! I
I ! I
I ! I
I ! I
I : I
|
| ' (, 21
T t T ;
I ! I
I | I
I ! I
I ! I
I ! I
I ! I
I ! I
I ! I
I ! I
I . I
The diagram shows part of the graph y = m + 3 tan 3x passing though the
points (—1—7;,— 4), (0, m) and (n, 2). Find the value of m and of ». [3]
4
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1-2sinxcosx tanx-—1
= (3]

sinfx-cos’x tanx+1

8 (a) Prove that

(b) Point of Suspension

The distance of the giant pendulum from the wall, d, varies from 13 m to 3 m. The
giant pendulum swings from A4 to B and back to 4 every 12 seconds. The distance of
the pendulum from the wall, d, is, is modelled by the equation d = 8 + a cos b,
where a and b are constants and ¢ is the time in seconds from the start of motion.

(i) Find the value of g and of &. [2]
(ii)  Hence, sketch the graph of d = 8 + a cos bat for 0<7<24. [2]
(iii) Find the first two times when the pendulum was 10 m away from the [2]

wall.

9 (a) Solve the following equations.

@ 4 =7 (3]
(i) 2logs 5x* —logs (4 —x)* =1 +log2 (1 —x) [6]
(b)  Sketch the graph of y =2¢™ and y =3 —¢* on the same diagram.
Find the x-coordinate of the points of intersection of the two graphs. [4]
FMS(S) Sec 4 Express Preliminary Examination 2017 5
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10

2x
A right pyramid has a square base, PORS, with vertex, O. O is directly above the

centre of the base, 7, as shown in the diagram above.
The lengths of the sides of the base are 2x metres and the height is 4 metres.
The lengths of the sloping edges, OP, OQ, OR and OS are each 5 metres.

4x*25-2x?
———3 .

()  Show that the volume of pyramid, ¥ m® , is given by V' =

(i)  Given that x can vary, find the value of x for which ¥ has a stationary value.

Hence, calculate this stationary value of V.

(ili) By considering the sign of %, determine whether this stationary value
I

1S @ maximum or a minimum.

(3]

[1]
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11 Solutions to this question by accurate drawing will not be accepted.

y A4, 11)

ﬁ\

B(2, 8)

D(5, 6)

0 > x
In the diagram, the points, 4, B and D have coordinates (4, 11), (2, 8) and (5, 6)

respectively. The point D is the mid-point of BC. The line ED is parallel to C4 and
angle ABC = angle CED = 90°. Find

(i) coordinates of C, [2]
(i) the coordinates of E, (6]
(iii) the of area of ABDEC. [2]

~ End of Paper ~
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1 The variables x and y are related by the equation y = W , Where x # 1.
x—
i) Given that x is decreasing at a rate of 0.2 units per second, find the rate of change
of y when x =2, [3]

It is given further that the variable w is such that v/w = .

(i) Show that, when x = 2, the rate of change of w is five times the rate of change of y.

(3]

2 The trees in a certain forest are dying because of an unknown virus.
The number of trees, N, surviving ¢ years after the onset of the virus is shown in the table
below.
t 1 2 3 4 5 6
N 2000 1300 890 590 395 260
The relationship between N and ¢ is thought to be of the form N = 45" .
(i) Using suitable variables, draw, on graph paper, a straight line graph and hence
estimate the value of each of the constants 4 and b. [6]
(ii) If the trees continue to die in the same way, find the number of trees surviving after
15 years. [1]
xY' 3
3 The coefficient of x? in the expansion of (1 +§J , where n is a positive integer, is 3
(i) Find the value of ». [3]
(ii) Using this value of #, find the term independent of x in the expansion of
n 2
(1+1J (2—3) . 3]
5 x
4 (a) Find all the values of x between 0 and 4 for which cos(x + %) = %cos(x - %).
[4]
(b) (i)  Show that 2sin 3x + 2sin x = 8sin xcos? x . [3]
(i)  Hence solve the equation sin 3x —4sin x = 0 for 0° < x < 360°. [4]
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5 The roots of the quadratic equation 4x* +3x+1=0are « and B. Find

(i) the value of a? + ,82, [3]

.. B2
(i)  aquadratic equation with roots — and o [4]

In the diagram, not to scale, BC and CE are diameters of the circles, S and S, respectively.
CEis a tangent to the circle S) at C. CF and BD meet at G, which lies on the circumference
of Si. F lies on the circumference of S> with centre at D. CB produced and EF produced
meet at 4. Show that

(a) lines BD and AFE are parallel, [2]
(b) AC=2BC, [3]
(c) - triangle CEF is similar to triangle AEC, [2]
(d  CF*= AFxEF. [3]

7 (a) Itisgiven thaty=(x+5)(x-1)>
d
(i) Obtain an expression for d_y in the form p(x—q)(x+ p), where p and q are
x

integers. (3]

(i)  Determine the values of x for which y is an increasing function. [2]

(b) A curve is such that f ""(x) =4e™>*. Given that f '(0) = 3 and the curve passes

through the point (2,%) , find the equation of the curve. [6]
&
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8 (i) Show that x -2 is a factor of 3x> —14x% +32. [1]

(i)  Hence factorise 3x> —14x2 + 32 completely. [3]

The diagram below shows part of the curve y = 3x—14+% meeting the x-axis at the
%

: 3
points P and Q and the line x = ) at the point R.

Y A
0 g
(iii)  Find the x-coordinates of P and Q. [2]
(iv)  Find the area of the shaded region. (4]
9  The equation of a circle Cy is 3x* =30x+75-12y+3y% =0,
(i) Find the radius and the coordinates of the centre of C. [3]
(ii) Show that the circle C) touches the x-axis. [2]

A second circle, Cz, has the same centre as the circle C; and a diameter 4B. Given that
the coordinates of 4 are (1, 6), find

(iii)  the equation of the circle Ca, [2]
(iv)  the equation of the tangent to C, at B. [3]

A point P, which lies on the circle C3, has the same distance from the x-axis as the point 4.

(v) Find the equation of PB. [2]
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10  The diagram shows two parallel lines and a right-angled triangle BAC with AB =15 cm,
the area of AABC = 60 cm? and 4B makes an acute angle 8 with one of the lines.

C

15cm

>
B

(i) Show that the distance between the parallel lines, D = (15 sin £+ 8 cos &) cm.

[3]

(i)  Express D in the form R cos (60— o), where R> 0 and 0 <@ <=, [3]
2

(iii)  Find the greatest possible value of D and the value of #at which this occurs.

[2]
(iv)  Find the values of @ for which D = 16. [3]

11 A particle starts at a displacement 6 m from O and travels in a straight line so that its
velocity, v m/s, is given by v =—24sin 2¢, where ¢ is the time in seconds measured from

the start of the motion. Find

(i) the time at which the particle first has a velocity of 4 ms™, [1]
(ii)  the initial acceleration of the particle, [2]
(ili)  an expression, in terms of #, for the displacement of the particle from O, [2]
(iv)  the maximum displacement of the particle from O, [1]
(v)  the total distance travelled by the particle in the first 4 seconds. (3]
~ End of Paper ~
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No.

Description

Remarks

Description

Remarks

Equation of normal: y-e= L (x-0)

T 2 :
_Sin" x+cos” x — 2sin xcos x
sin?x-cos?x

1-2sinxcosx

sin’ x — cos® x
OR
1-2sinxcosx
LHS = —5————
sin® x — cos’ x
sin® x + cos? x — 2sin xcos x
(sinx —cosx)(sinx + cosx)

B (sinx — cosx)?
(sinx — cosx)(sinx + cosx)
_(sinx—cosx)  cosx

(sin x4+ cos x) cos x
tan x - 1

tan x +1

AGl1

M1 substitute 1 and
factorize denominator
correctly

M1 divide by cos x

AGI

8(b)()

Amplitude=(13-3)/2=5
Therefore a =5
Or
Subr=0,d=13, Subr=6,d=3
13=8+a 3=8+acos x
a=5 a=5
Period = 12s
wmlo&._muwlﬂllvvumln

b 12

1

Therefore b =—
6

Bl

Bl

2e B1 (either one)
1
Or y=—x+
ry NNk e
7
@ ~Z<x<Z or -9P<x<90 el
M) | __»p Bl
pr+l
7(b)(ii) PP+ B1
7(b)(iii) | 1 Bl
p
7Mb)iv) | 1 Bl
P
te) When x = |h.\<n.a
12
|au3+ussﬁwxl|\.«ow
12
—4=m+3tan z
4
m=-1 Bl
Whenx =n,y=2
2=m+ 3tan 3n
Whenm =-1,2 =—1 + 3 tan 3n M1 use their m and (n, 2)
3=3tan 3n
1=tan 3n
wzum_.l.mmnn
4 4
_sm ~
12 A
8(a) 1-2sinxcosx _tanx-1

sinfx—cos’x tanx+]1
tan x -1

tan x + 1

sinx

B2

cosX
sinx
—+1
cosx
sinx —cosx
___cosx
sinx + cosx
cosx
_sinx—cosx . sin x — cos x

RHS =

sinx+cosx sinx-cosx

M1 change to sin x / cos x

M1 multiply by 1 for the
given form

8(b)(ii)

aum+m8m|\m

6
a4
13

S1 correct shape with
maximum and minimum
value shown

P1 correct period of graph

8(b)(iii)

Cos—=—
6 5

Basic angle = 1.15927

Mn 1.15927, 5.1239

t=2.214,9.7859
1=221,979 (3s.£)

Ml

Al
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No. Description Remarks
2222069 M1
x=8,y =4 Coordinate C is (8, 4) Al Conmlitamiol C
Ha Gradient of AC = T4 = "
4-8 4

Gradient of DE = |W (parallel to AC)

Gradient of CE =

=lH

Equation of CE: y—4 = MAX -8)

4 4
= i ---—=(1
y= e (1)
Equation of DE: y - 6 = |W?|$ ..... ¥))
Sub (1) into (2):
4 4 7 35
—x-—-6= ——x+—=
d 7 4 4
33
x==
5
33 3 16

When x=— or6=,y= —or uw
5 5 S 5

B1 gradient of DE

B1 gradient of CE

M1 (follow through)

Bl

M1 substituition

33 16
Coordinate E is | —,—
in; i 55 Al
11(iir) 33
Area of ABDEC _ammﬂm» M
a 0 =—
21118 6 16 41
S
W_..w~+_~+_m+mm‘a+mm|©~+ao+wo.o+~m.m+_®_
=15.6 units® Al
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No.

Description

Remarks

4(a) T 1 n
0s(x + —) = —cos(x — —).
cos(x mv 3 (x mv
3cos(x + MV =cos(x — Mv
3(cos xcos m —sin xsin mv = COS X COS M.+ sin xsin W MI [cos(4+B)]
3(cos x.hl sin x._lv = cos u.ﬁ)r sin uFV MI (Special £s)
2 2 2 2
33 3.3 1
——C0S Xx——sinx——cosx——sinx=0
2 2 2 2
J3cosx—2sinx=0
V3-2tanx=0
tan x = % M1 (tan x)
basicZ =0.71372
S x=0.71372,3.8553
=0.714,3.86 (3sf) Al
4b(i) Show: 2sin 3x + 2sin x = 8sin xcos? x
LHS
=2sin3x+ 2sinx
= 2(sin 3x + sin x)
= 2[sin(2x + x) +sin x]
= 2[sin 2xcos x + cos 2xsin x +sin x) M1[sin(A+B)]
= [ 2si 2 3 o i :
=2[2sin xcos“ x +(2cos“ x - 1)sin x + sin x] M1(cos2x= Nno%x.:
uwﬁmm:xnomwa+~m_.=.xn8~x|mia+m_=x_ }
=8sin xcos 2 x } AGl
=RHS (Shown) }
4b(ii) sin 3x - 4sin x = 0 (1)
From b(i)
sin 3x = 4sin xcos 2 x — sin x V)|
Sub (2) into (1): {
4sin xcos® x —sin x - 4sin x = 0 M
4sin xcos? x - Ssinx =0

mix?oo%auuvuo
sinx=0 or nomuxuwgiv
x =0°,180°, 360°

For 0° < x < 360°,
..x=180°

MI(factorise out sinx)
Al (NA for cos’x or cosx)

Al(only 1 answer)

Description Remarks
4x2 +3x+1=0
-3
=— Bl
a+pf3 2
=1 Bl
n\wla
a’+p%=(a+p)*-2ap
2
= H|u. ..NH
4 4
1 Bl
16
5(ii) New sum of roots:
2 2
a” B~
B «a
_a+p
aff
_(a+p)a’-ap+p?) M
aff
-3yt
_ L4 \16 4
B 1
4
=3
16 Al
New Product of roots:
2 2
a” B
p  a
_(@p)’
af
r_. 2
_\4
o1
4 Bl
1
4
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Description

Remarks

9(i)

Cr:3x2-30x+75-12y+3y% =0

22+ % —10x—-4y+25=0
Centre of circle is (5, 2)
Radius of circle

=52 422 25

=2 units

Bl

M1
Al

9(ii)

Method 1:

At x-axis, y =0, sub into equation of C;
x2+02-10x-4(0)+25=0
x2-10x+25=0

(x-52%=0

xX=§

Since there is only one solution, therefore the circle
touches the x-axis. (Shown)

Method 2:

As y-coordinate of the centre of C; is 2 and radius of
the circle is also 2 units, thus the circle C; touches the
x-axis. (Shown).

Bl
Bl

No. Description Remarks
8() S(x)=3x —14x2 + 32
72)=3(2)° -14(2)% +32 )
=0 }B1
".(x—2) is a factor of f{x) }
) | 3% - 14x? +32= (x-2)(3x% + px-16)
Comparing coeficient: W?:
: =—16—

* M _ |mm r (long division, comparing
coefficients or synthetic
division

3x3 - 14x% +32=(x - 2)(3x? - 8x - 16)

=(x=-2)3x+4)(x-4) }A2
3G
i y= ual_a+w
AtPandQ, y=0
3x-14+ u|w. =
X
33 —14x% +32=0
From (ii)
(x-2)(3x+4)(x-4)=0
x=2,40r-4/3
.. x- coordinate of P is 2, Bl
x-coordinate of Q is 4. Bl
8(iv) Area of the shaded region
Ml

2 -2 4 )
3% 14432 2+ _.NuT_fuNa L

nw!_e?m mxl-_:-m
2 x 2 X
) 2
2
= uS :nTIv AA ;::elm
2
A - 2 2Dy 2

23
(-38)- Alummv + _Alaov - Aoumv_

= WW.TN
24
23 )
= Nm OR 2.96 units?® (3sf)

MI (either one)

e St Nt St

Al

9(iii)

Centre of C2is (5, 2)
Radius of C;

-2 +(2-6)2
=432
=42

Or 5.6568 =~ 5.66 units.

.. equation of circle Cz is
(x=52+(y-2)% =(42)?
(x-52+(y-2)2=32

or x? +&~|_o\«ln€\|~uo

Jt 1(use wrong centre
from (i))

Al

9(iv)

Radius of C2 = 442
AB is the diameter, centre = (5, 2)
Let point B be (x, y)
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Description

Remarks

—1.08084 < 6 -1.08084 < 0.48996
6—1.08084 = 0.34470,-0.34470
6=143,0.736

A2

Description

Remarks

Methods 2:
S=12cos2t-6
By observation, max S=- 18 m

Bl

11(1)

v =-245sin 2¢
when V=4 m/s
-24sin2t =4
sin2¢t = -

6
Basic angle = 0.167448
2t=7+0.167448
t=1.65452
=1.65s

Bl

11(ii)

Initial Acceleration, =0

dt
=-24cos2tx2

=—48cos 2t

When =0,
Initial acceleration = —48cos0
=—48 m/s?

Mi

Al

11(ii)

mu?&

= T 24sin2¢ dr

_ —24(-cos2r)
2

=12cos2t+c

+c

Whent=0,s=6
6=12cos0 + ¢
C=-6

~.§S=12cos2t-6

Ml

Al

11(v)

t=0,s=6m
Nnmvmul_ma
2
t=m,s=6m
t=4,s=-7.7460

Total distance travelled
=(6+18)x2+(6+7.746)
=61.746

=61.7 m (3sf)

Method 2:

n
[2-24sin2 i+ _q[ 24sin2t di +
0 z
2

2
=[12cos2]¢ +[12cos NLM +[12cos 24]4
2

=61.746
=61.7m (3sf)

[*-24sin2
T

)

}
}B1 (all correct)

}
}

M1

Al

M2 (Any two correct)

Al

11(iv)

Maximum displacement, V=0

-24sin2t=0
sin2t=0
2t=0,r2r1

NnouH,N
2

- max § = 12cos2(n/2) - 6
=12cos -6
==18m

Bl

11

12




